An inhomogeneous Tricomi equation is considered in a strip with a polynomial right-hand side. It is shown that the Dirichlet boundary value problem with polynomial boundary conditions has a polynomial solution. An algorithm for constructing this polynomial solution is given and examples are considered. If the strip lies in the ellipticity region of the equation, then this solution is unique in the class of functions of polynomial growth. If the strip lies in a mixed region, then the solution of the Dirichlet problem is not unique in the class of functions of polynomial growth, but it is unique in the class of polynomials.
Introduction
The equation yu xx + u yy = 0 was first considered by F.Tricomi [1] and subsequently received his name. This equation is elliptic in the upper halfplane y > 0, hyperbolic in the lower halfplane y < 0, and parabolically degenerates on the straight line y = 0. Equations of a mixed type are used in transonic gas dynamics [2] - [4] . The Dirichlet problem for a mixed-type equation in a mixed domain is, in general, ill-posed [5] . A lot of works has been devoted to finding conditions for the well-posedness of the formulation of the Dirichlet problem for a mixed-type equation in a mixed domain, for example [6] - [9] .
This paper is devoted to finding exact polynomial solutions of the inhomogeneous Tricomi equation in a strip with a polynomial right-hand side. By means the Fourier transform, in the same way as was done in [10] for the Poisson equation, it is shown that the Dirichlet boundary value problem with polynomial boundary conditions has a polynomial solution. An algorithm for constructing this polynomial solution is given and examples are considered. If the strip lies in the ellipticity region of the equation, then this solution is unique in the class of functions of polynomial growth. If the strip lies in a mixed domain, then the solution of the Dirichlet problem is not unique in the class of functions of polynomial growth, but it is unique in the class of polynomials.
1 Statement of the problem.
We consider the Tricomi equation in a strip with a polynomial right-hand side
where P (x, y) is a polynomial in the variables x and y.
On the boundary of the strip we give the Dirichlet boundary conditions
where φ(x) and ψ(x) are polynomials. Ifũ(x, y) is a particular polynomial solution of the inhomogeneous Tricomi equation (1), then for the function v(x, y) = u(x, y) −ũ(x, y), we obtain the homogeneous equation
and the Dirichlet boundary conditions
Solving the Dirichlet problem for the homogeneous Tricomi equation (3), (4), we obtain solution of the Dirichlet problem for the inhomogeneous Tricomi equation (1), (2) according to the formula
The solution of the Dirichlet problem will be sought in the class of functions of polynomial growth with respect to x:
for some m ≥ 0 and for each y ∈ (a, b).
A particular solution of the Tricomi equation
The Tricomi equation with the polynomial right-hand side P (x, y), T u(x, y) := yu xx (x, y) + u yy (x, y) = P (x, y), has polynomial solutions, one of which can be obtained from the formula given below. It is sufficient to give this formula for a monomial P (x, y) = x n y m . Then a particular solution of the Tricomi equation with the right-hand side x n y m is the functionũ
where [n/2] is the integer part of the number n/2. The validity of formula (6) is proved by direct verification
For example, for P (x, y) = x 5 y 7 a particular solution according to (6) 3 The Dirichlet problem for a strip lying in the domain of ellipticity
We consider the strip 0 < y < b, in which the Tricomi equation is elliptic and parabolically degenerates on the boundary line y = 0. Since the solution of the Dirichlet problem for an inhomogeneous equation reduces to solving the Dirichlet problem for a homogeneous equation, we consider the Dirichlet problem for a homogeneous equation.
where φ(x) and ψ(x) are polynomials.
Since the functions u(x, y) of slow growth with respect to x determine regular functionals from the space of generalized functions of slow growth S ′ (R) for each y ∈ (0, b), we can apply the Fourier transform with respect to x [11] :
We apply the Fourier transform with respect to x to equation (7) and the boundary conditions (8) . We obtain a boundary value problem for a second-order ordinary differential equation with parameter t ∈ R −t 2 yU(t, y) + U yy (t, y) = 0, 0 < y < b
and boundary conditions
Equation (9) is the Airy equation, its general solution is expressed in terms of Airy functions
Using the boundary conditions (10), we obtain a unique solution of the boundary value problem (9), (10)
where
.
Applying the inverse Fourier transform, we obtain a unique solution of the Dirichlet problem (7), (8) in the class of functions of polynomial growth in the form of convolution
where , y) ). To find the convolution (12) with the polynomials φ(x) and ψ(x), it suffices to consider the case of a monomial x n . K(t, y) and L(t, y) are infinitely differentiable and rapidly decreasing as functions of the variable t, that is, they belong to the space S (R), and hence both k(x, y) and l(x, y) as functions of the variable x belong to the space S (R), since the Fourier transform translates S (R) into itself. In addition, K(t, y) and L(t, y) are even functions of the variable t and, therefore, k(x, y) and l(x, y) are even functions of the variable x.
The solution of the Dirichlet problem (7), (8) with φ(x) = x n , ψ(x) = 0 is the function
where C j n = n!/j!(n − j)! are binomial coefficients. Since the last integral for odd j is zero because k(t, y) is even in t, then
where [n/2] is the integer part of the number n/2. Using the properties of the Fourier transform, we obtain
p 2m (y) are polynomials in y whose generating function is K(t, y).
We give some first polynomials p 2m (y) and the corresponding solutions of the Dirichlet problem u n (x, y). Similarly, the solution of the Dirichlet problem (7), (8) with φ(x) = 0, ψ(x) = x n is the function
where q 2m (y) are polynomials in y whose generating function is L(t, y).
We give some first polynomials q 2m (y) and the corresponding solutions of the Dirichlet problem v n (x, y). 
Example . We consider the Dirichlet problem for the inhomogeneous Tricomy equation 
The solution of the Dirichlet problem for an inhomogeneous equation is a polynomial u(x, y) =ũ(x, y) + v(x, y) = =ũ(x, y) + 3b
4 The Dirichlet problem for a strip in a mixed domain.
Consider the strip -a < y < a, in which the Tricomi equation has a mixed type. We give a polynomial solution of the Dirichlet problem
In the same way as in the previous section, the solution of the Dirichlet problem (13), (14) with φ(x) = x n , ψ(x) = 0 is the function
where p 2m (y) are polynomials in y whose generating function is
We give some first polynomials p 2m (y) and the corresponding solutions of the Dirichlet problem u n (x, y). To emphasize their dependence on the parameter a, we will write p 2m (y, a) and u n (x, y, a) if necessary. 
The solution of the Dirichlet problem (13), (14) with φ(x) = 0, ψ(x) = x n is the function
where q 2m (y) are polynomials in y whose generating function is
Since the generating function for the polynomials q 2m (y) is obtained from the generating function for the polynomials p 2m (y) by replacing a by −a, the polynomials q 2m (y) themselves are obtained from the polynomials p 2m (y) by replacing a by −a, q 2m (y, a) = p 2m (y, −a). The same remark applies to the corresponding solutions of the Dirichlet problem:
Example . We consider the Dirichlet problem for the inhomogeneous Tricomy equation T v(x, y) = 0, x ∈ R, − a < y < a,
The solution of the Dirichlet problem for an inhomogeneous equation is a polynomial If we seek solutions in the class of polynomials, then this solution will be unique. To prove this it suffices to show that if the polynomial P (x, y) satisfies the homogeneous Tricomi equation T P (x, y) := yP xx (x, y) + P yy (x, y) = 0
and homogeneous boundary conditions P (x, −a) = 0, P (x, a) = 0,
then it is identically equal to zero, P (x, y) ≡ 0. Substituting P (x, y) in the Tricomi equation (15) and the boundary conditions (16) and equating the coefficients of monomials x n y m to zero, we obtain that all the coefficients of the polynomial P (x, y) are zero.
Conclusion
Using the Fourier transform of generalized functions of slow growth, we obtain polynomial solutions of the Dirichlet problem in the strip for the inhomogeneous Tricomi equation with a polynomial right-hand side and polynomial boundary conditions. By the same method, polynomial solutions can be obtained for other boundary-value problems for the Tricomi equation in the strip. For example, for the mixed boundary value problem Dirichlet-Neumann
